Abstract. The classical problem of the stability of stationary stellar spherical models with purely radial motion is reconsidered. The problem is due to strong central singularity in the density distribution, resulting in not entirely rigorous proof made in the well-known Antonov's paper. To avoid this difficulty, we construct a suitable two-parametric series of models with moderately elongated and nearly radial orbits, without singularity, and pass to the limiting case of models with orbits arbitrarily close to purely radial. The stability of the series with respect to odd and even spherical harmonics is considered. The growth rates of aperiodic even modes increase indefinitely when approaching purely radial models.
INTRODUCTION
The first notion of the radial orbit instability (ROI) can be found in work by Polyachenko & Shukhman (1972) , where they study Camm and generalized polytrope anisotropic spherical models (Camm 1952) . Antonov (1973 Antonov ( , 1987 considered the instability of stationary spherical models with purely radial motion. The instability is proved by constructing the Lyapunov functional whose time derivative should be positive. However, the resulting formula for the derivative contains integrals with integrands of type dm ν /r 2 = ρ ν dr = h ν dr/r 2 |V ν (r)|, which behave roughly as ∼ dr/r 2 (h ν tends to constant as r → 0, and radial velocity V ν (r) is weakly singular at r → 0). This leads to integrals diverging at the lower limit.
Here we consider instability in models with orbits arbitrarily close to purely radial, as a limiting case of the instability of nearly radial models. However, the well-known models of anisotropic spheres, such as generalized polytropes (GP)
or Osipkov-Merritt models (Osipkov 1979; Merritt 1985) , cannot be used. If the gravitational potential and radial force are singular, the standard methods of linear stability theory cannot be applied. GP models have singular potentials and forces even in the case of nonzero dispersion of orbits in angular momentum. The Osipkov-Merritt models are radially anisotropic in the outer parts of the system, but always isotropic in the center within the so-called anisotropic radius r a .
Softened anisotropic polytropes (SAP),
with polytropic dependence on energy E,
give radially anisotropic models with desired properties of regularity at L T > 0, and allow passing to the limit of purely radial motion for −1 ≤ q < 1/2 (N ≡ N (q, L T ) is a constant defined by the normalization condition that the total mass of the system within radius R = 1 is M = 1; in what follows we set the gravitational constant to G = 1). The system as a whole can be characterized by the parameter of global anisotropy,
where
⊥ are the total radial and transversal kinetic energy of all stars in the system. Then ξ = 0 corresponds to isotropic systems on average, while ξ = 1 corresponds to purely radial systems.
In Figure 1 we show the global anisotropy ξ for GP and SAP. For GP the global anisotropy is simply ξ = s/2. For arbitrary q within the range −1 ≤ q < 0.5, passing to limits s → 2 for GP and L T → 0 for SAP gives the same purely radial model (Polyachenko et al. 2013) . The advantage of our series is that potential, density, and radial force remain finite. So, linear stability theory can now be used. A technical advantage is that the specific form of the L-dependence of the distribution function (DF) significantly simplifies the unwieldy numerical procedure of finding the eigenmodes. 
CALCULATIONS AND RESULTS
Instability of stellar models can be studied theoretically using the so-called matrix equations, and numerically by means of N -body simulations. Kalnajs (1977) was the first to derive the matrix equation for eigen-oscillations of disk stellar system. The corresponding equation for spheres was derived by Polyachenko & Shukhman (1981) . These equations use expansion of the density and potential into a set of bi-orthonormal basis functions, and have a cumbersome nonlinear form with respect to eigen-frequency ω. Alternative matrix equations are available, which have the form of the linear eigenvalue problem, Ax = ωx, both for disks (Polyachenko 2005) and spheres (Polyachenko et al. 2007a) . For the calculation of unstable modes we used the matrix equations in the form given by Polyachenko & Shukhman (1981) . Figure 2 shows the growth rates ω I = Im ω of the aperiodic unstable modes for series q = 0 and q = −1. For a given L T and spherical harmonic l, where the perturbation of potential is δΦ ∝ χ(r) P l (cos θ) (here P l (z) is the Legendre polynomial), series q = 0 has several solutions with different number of nodes of χ(r). The most unstable mode is the one with the lowest possible l = 2. It stabilizes L T > 0.316. The odd modes are stable.
Series q = −1 provides only one aperiodic mode for any even l. However, in this case we also found unstable odd modes. In both series, oscillatory unstable modes Re ω = 0 are present, and the growth rates of aperiodic modes go to infinity as L T tends to zero (Polyachenko et al. 2015) .
Our matrix calculations were also supported by numerical N -body simulations using Superbox-10 code (Bien et al. 2013 ). This code is an example of a particlemesh scheme, which solves the Poisson equation by fast Fourier transform. The number of grid points N g for each coordinate is the same and is chosen so that the number of grid cells is comparable to the number of particles. The number of particles in all calculations except one was 10 6 ; with N g = 256. The model close to the stability limit (L T = 0.2975) was calculated with 10 7 particles and N g = 512. The code uses three meshes. The biggest one allows us to simulate interaction between several galaxies. Medium meshes are designed to simulate separate galaxies, and the smallest meshes are used to resolve fine structures in galactic centers. In all our calculations, the mesh sizes were taken to be 30, 5 and 1. The growth rates estimated from numerical simulations agree well with the results of matrix calculations, especially for the models with moderate growth rates. On the other hand, in the models with L T < 0.14 it is difficult to identify the temporal interval of exponential growth of perturbations. This can be explained by the interference of l = 2 and l = 4 modes. To investigate these models, initial states of high degree of symmetry as well as filtering of higher harmonics of force are needed.
Models with purely radial orbits are described by DF of the form
To derive the equation for the perturbation of this DF, expansion into δ-functions is used. Substituting into linearized collisionless Boltzmann and Poisson equations yields the following formula for even spherical modes l:
where k and k are integers; Φ n (E) = 1 π π 0 χ(t, r) cos(kw) dw, χ(t, r) is the radial part of the potential perturbation, w is the radial angle; K even k k (E, E ) are smooth functions, and
Formula (7) shows the problem arising in systems with purely radial motion: integrals for p k (E) diverge at the center, w → 0. In particular,
where Ω 1 is the radial frequency, diverges at r = 0 because the singularity of potential is insufficient to eliminate the singularity due to r 2 . The meaning of the divergent integral can be understood from a comparison between (6) and the matrix equation for systems with nearly radial motion (Polyachenko et al. 2007a) . It can be shown (Polyachenko & Shukhman 2016) by expanding the matrix equation separately for even and odd harmonics and comparing the resulting equations with the corresponding equations for purely radial motion obtained using δ-function technique in the limit of small L T that p 0 (E) must be substituted by
(Ω 2 is the azimuthal frequency), whereas the other coefficients p k (E) can be written as
where the integral in the right-hand side of (10) converges at w = 0 in the usual sense.
−0.74 . Thus, all coefficients p k , which were defined via divergent integrals in the model of purely radial motion, tend to infinity if they are considered as a limit of softened models at L T → 0. In fact, this means that the model with purely radial motion cannot be investigated in terms of the linear perturbation theory. However, the linear formulation of the problem can be used for systems with orbits arbitrarily close to radial. Note that for external nonsingular potential the meaning of divergent p 0 is different: it must be understood as a Finite Part integral (see, e.g., Polyachenko et al. 2007b ), i.e., it has a finite value and coincides with = [∂Ω pr /∂L] L=0 . For self-consistent models it is impossible to define integrals for p k as Finite Part integrals.
Matrix equations for nearly radial motion can be simplified and transformed into integral equation. This is possible due to the fact that p k /p 0 = 1 + O(1/p 0 ), and one can approximately substitute p k by p 0 . The limiting integral equation for even l valid at L T → 0 is
where we denote Ω 1 ≡ Ω 1 (E ), ν ≡ ω/Ω 1 ; the kernel is given by
A similar equation for odd harmonics has the following form:
(13) Figure 4 shows the eigen-frequencies obtained using the limiting integral equations (11) and (13) for different values of parameter L T . In Fig. 4a , in addition to the aperiodic mode with infinitely growing ω I , there are many l = 2 modes that tend to some limits at L T → 0. In Fig. 4b , all l = 3 modes are periodic, and they tend to some limits at L T → 0, similar to the oscillating modes of l = 2 harmonics.
CONCLUSIONS
The classical problem of ROI in systems with orbits arbitrarily close to purely radial is considered using the limit of a specially built series of softened anisotropic polytropes allowing a relatively simple limiting transition to systems with orbits arbitrarily close to radial from the systems with moderately elongated and nearly radial orbits. For systems of nearly radial orbits we derived special limiting matrix equations (separately for even and odd spherical harmonics), which allow calculations to be performed for arbitrarily small values of the angular momentum dispersion parameter L T . We set up the correspondence between these matrix equations and those describing the evolution of perturbation in the systems with purely radial orbits obtained in terms of the δ-function expansion technique, and determined the values of divergent integrals.
We show that the instability growth rates for aperiodic even modes tend to infinity as L T approaches zero, what means that a model with purely radial motion cannot be investigated in terms of linear perturbation theory. However, linear theory can be justified for systems with orbits arbitrarily close to radial. Moreover, ROI is possible not only for even bar-like harmonics (l = 2, 4, ...), but also for odd harmonics, although odd unstable modes are oscillatory, Re(ω) = 0 (overstability). The oscillatory unstable modes (in addition to aperiodic modes) are also possible for even harmonics. The growth rates of oscillatory modes are comparable to the inverse of the crossing time, i.e., these modes cannot be considered as slow modes.
